Dark energy, non-minimal couplings and the origin of cosmic magnetic fields 
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In this work we consider the most general electromagnetic theory in curved space-time leading 
to linear second order differential equations, including non-minimal couplings to the space-time 
curvature. We assume the presence of a temporal electromagnetic background whose energy density 
plays the role of dark energy, as has been recently suggested. Imposing the consistency of the theory 
in the weak-field limit, we show that it reduces to standard electromagnetism in the presence of an 
effective electromagnetic current which is generated by the momentum density of the matter/energy 
distribution, even for neutral sources. This implies that in the presence of dark energy, the motion of 
large-scale structures generates magnetic fields. Estimates of the present amplitude of the generated 
seed fields for typical spiral galaxies could reach 10 -9 G without any amplification. In the case of 
compact rotating objects, the theory predicts their magnetic moments to be related to their angular 
momenta in the way suggested by the so called Schuster-Blackett conjecture. 

PACS numbers: 95.36.+x,98.80.-k,98.62.En 



(N 

o 

u 

43 : 

Oh- 
i 

o 

CO 



> 

in 
d 



I. INTRODUCTION 

The origin of the magnetic fields observed in galax- 
ies and galaxy clusters with large coherence lengths and 
strengths around 10 -6 G still remains an open prob- 
lem in astrophysics jl| (recent works [2J also show evi- 
dence for the existence of extragalactic magnetic fields 
with strengths above 3 x 10" 16 G). Two different types 
of mechanisms have been proposed for the generation of 
such fields. On one hand, we have the primordial field 
hypothesis, i.e. relic fields from the early universe with 
comoving strengths around 10 -10 — 10~ 12 G are ampli- 
fied to the present values in the protogalactic collapse. 
On the other, much weaker fields around 10 -19 G at de- 
coupling time could have been amplified by the galactic 
rotation through a dynamo mechanism. In both cases, 
preexisting seed fields are required. In fact, there are 
also several proposals for the generation of fields which 
could seed a galactic dynamo. They include astrophysical 
mechanisms |3j, production during inflation [J], in phase 
transitions [5|, by spontaneous breaking of Lorentz in- 
variance Q or by metric perturbations 0- Nevertheless, 
it has been argued that the timescales for dynamo ampli- 
fication may be too long to explain the observed fields in 
young objects [l|. In addition, the origin of the stronger 
large-scale seeds in the primordial approach is even more 
problematic. 

A very interesting framework for magnetic field gen- 
eration is the possibility that the standard electromag- 
netic theory could be modified in the presence of gravity. 
Thus in Q, couplings of the electromagnetic field to the 
space-time curvature were proposed as a way of produc- 
ing magnetic fields during inflation. In this paper we will 
consider a generalized electromagnetic action in curved 
space-time, including also non-minimal couplings. The 
crucial difference with respect to previous works is that 
we allow for the presence of a homogeneous temporal 
electromagnetic background potential. This is motivated 
by the fact that, as has been recently shown Q, the pres- 



ence of temporal electromagnetic potentials on cosmo- 
logical scales could play the role of dark energy. Indeed, 
this type of fields can be amplified from quantum fluctu- 
ations during inflation in a completely analogous way to 
metric perturbations. The initial amplitude of the field 
being given by (A 2 ,) 1 / 2 ~ Hi, where Hi is the value of 
the Hubble parameter during inflation. The field is then 
shown to grow linearly in time in the matter and radi- 
ation eras, the corresponding energy density on cosmo- 
logical scales behaving as a cosmological constant. Inter- 
estingly, the predicted value of the cosmological constant 
agrees with observations provided inflation took place at 
the electroweak scale. In such a case, the present value 
of the background field would be A ~ 0.3 Mp. Here 
we show that the non-minimal coupling of the tempo- 
ral background to the space-time curvature implies that 
the energy-momentum density of any matter/energy dis- 
tribution generates an effective electromagnetic current, 
even for neutral sources. This allows to establish a nat- 
ural link between dark energy and the origin of cosmic 
magnetic fields. 



II. GENERALIZED ELECTROMAGNETISM 

Let us consider the most general expression for the 
electromagnetic action in the presence of gravity, includ- 
ing all the possible terms leading to linear second order 
differential equations: 



S = 



-aR tlv A li A v + ujRA^] . 



(1) 



Notice that this expression does not contain any dimen- 
sional parameter or potential term. The minimal case 
with a = uj = was studied in detail in Q and the pos- 
sibility of generating cosmic magnetic fields in this case 
has been considered recently in [9(. In this action, the 
A parameter can be fixed by choosing a normalization 
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of the non-transverse modes and a and ui are arbitrary 
dimensionless constants. In order to fix them, we will 
consider the weak-field limit of the theory. Thus, the 
space-time metric can be written as a small perturba- 
tion around Minkowski space-time, = rj^ + and 



the electromagnetic potential reads = 



with 



Afj_ = AqS 1 ^ and Aq constant. The background electro- 
magnetic field is determined by the corresponding cosmo- 
logical value and therefore it could evolve on cosmological 
timescales. However, for local experiments it is a good 
approximation to assume it constant (in agreement with 
the flat space-time background) . Notice that the electric 
and magnetic fields associated to A^ identically vanish. 
The corresponding Maxwell equations obtained from ([3]) 
read to first order: 



d v F^ + \d»(V v A») {1) = J£. 



(2) 



where F^ = d^a u — d u a^, (V I ,A l/ )( 1 ) denotes the con- 
tribution to first order and the non-minimal terms give 
rise to an effective current given also to first order by: 
J£ = 2(a R^ Imposing this effective 

current to be conserved, i.e. d^J^ = 0, we obtain 
a = —2uj, i.e. the non-minimal coupling must involve 
the conserved Einstein tensor G^„ = R^ v — \Rg^ v - No- 
tice also that conservation implies that taking the diver- 
gence of @ we get □(V M ^4 /i )(i) = 0, i.e. to first order 
it is possible to impose the Lorenz condition V M ^4 M = 
at the classical level as in ordinary electromagnetism, so 
that the A term disappears. Thus, for weak gravitational 
fields we recover ordinary Maxwell electromagnetism, the 
only difference is the appearance of a gravitationally- 
generated electromagnetic current. Notice that this cur- 
rent is only present provided the background electromag- 
netic potential is non-vanishing and in the presence of 
space-time curvature. 

According to the previous discussion, the form of the 
action will be given by: 



l -F, nj F^ 



+ -(V^) 2 + aG^A»A» 



ILL CONSISTENCY AND STABILITY 



(3) 



This theory is a particular case of the more general 
class of vector-tensor theories These theories usually 
give rise to modifications of the gravitational interaction 
at small (Solar System) scales which are encoded in the 
corresponding PPN parameters. For this particular case, 
the PPN parameters are: 7 — 1 ~ — 16itG<tAq, (3 — 1 ~ 
— 16itG(jAq, a\ ~ —64itG(jAq, a 2 ^ — 1&-kGcfA 2 q, where 
Aq is the background amplitude at Solar System scales 
and we have assumed \a\ <C 1, keeping only the leading 
order in the expansion. The most stringent constraint 
on the PPN parameters is I7 — 1| < 2.3 x 10~ 5 , which 



imposes the corresponding limit on |<xAq|. If we assume 
that the amplitude of the electromagnetic field at Solar 
System scales resembles the cosmological value Aq ~ 
Ao ~ 0.3Mp, we obtain the constraint \a\ < 10 -5 . 

Let us now study the stability of the theory by ana- 
lyzing the behavior of the inhomogeneous perturbations 
around the Minkowski background. As usual, we shall de- 
compose both the electromagnetic perturbation and 
the metric perturbation in Fourier modes and sepa- 
rate them into scalar, vector and tensor contributions (we 
follow the same procedure as in [Hj]). The corresponding 
propagation speeds for the perturbations are: 



(4) 



1 - 8ttGct(1 - 2a)A\ 

1 - SttGctA 2 
1 + Z-kGoAI 



16nGa 2 A 2 (5) 



1 - SnGaA 2 



16irGaAl 



(6) 



where we have expanded for \a\ <C 1. Notice that the 
scalar modes propagate at the speed of light irrespective 
of the value of the parameter a. However, the speed 
of photons c v would be larger than the " speed of light" 
c = 1 which determines the null cones of the Minkowski 
geometry. This in principle could give rise to inconsisten- 
cies with causality in the theory. However, it is known 
that in scenarios with violations of the strong equivalence 
principle, as the one considered here, superluminal prop- 
agation can be consistent with causality, provided stable 
causality is ensured [l2j]. For that purpose, if the new 
light cone can be written as Q^k^kv = 0, then there 
must exist a globally defined function /, such that V M / 
must be non- vanishing and timelike everywhere with re- 
spect to {Q~ r )^ v - In our case, the light cones for vectors 
can be written as: 

[(1 + IQttGkA 2 ) t]^ - IQirGKA^Ay] k^k u = (7) 

with k = cr 2 /(l — crA 2 ), whereas for tensors: 

[(1 + 8irGaA 2 ) r)^ - \QnGaA^A v ] k^k v = (8) 

Since A < Mp and \a\ <C 1, in both cases, the effective 
metric {G -1 )^ is a small perturbation with respect to 
Minkowski. This implies that we can use the time coor- 
dinate t as the globally defined function /. Thus, we see 
that, for small cr, the theory does not exhibit classical 
instabilities or causality inconsistencies. 

In order to study the presence of quantum instabilities 
(ghosts), we analyze the positiveness of the energy den- 
sity of the three types of perturbations considered before. 
Thus, we define the energy for the modes as [Til [T3| : 



T, 



(2) 



00 
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(9) 



where Tffi and Gj?u are the energy-momentum tensor of 
the vector field and the Einstein's tensor calculated up to 



3 



quadratic terms in the perturbations and (■ • • ) denotes 
an average over spatial regions. Although the calcula- 
tion has been performed in the longitudinal gauge, both, 
mode frequencies and energies, do not depend on the 
gauge choice. 

For scalar modes we find that the energy density van- 
ishes identically if we impose the Lorenz condition, as in 
ordinary electromagnetism (see Q for expanding back- 
grounds). For vector and tensor modes, the energy den- 
sities are: 



Pi 



1 - SnGa [2 + 8*Ga{2a - l)jg] jg ~ 
lk (1 - SnGaAir ' ' 

2k 2 (l-16irGa 3 A? ) )\C\ 2 (10) 
2 1 - 8nGa(2 + 87rGcrig)i§ 



k 



(\C B \ 2 + \C®\ 2 ) 
k 2 (\-^GaAl){\C (B \ 2 + \C®\ 2 ) (11) 



1 - 8nGaA 2 



where C is the amplitude of the Fourier mode for the 
vector modes and Cq,® are the amplitudes of the two 
polarizations of the gravitational waves. From these ex- 
pressions we see that the theory is also free from quantum 
instabilities for small \a\. 



IV. COSMOLOGICAL EVOLUTION 

In the following we shall show that, due to the small- 
ness of the parameter a, the cosmological evolution of 
the homogeneous mode becomes modified in a negligi- 
ble way by the presence of the coupling to the Einstein 
tensor. This ensures that the inflationary generation and 
evolution discussed in [§[ is also a good description in the 
non-minimal case. We shall consider an electromagnetic 
field of the form A^ = (A (t), 0, 0, A z (t)) in a FLRW 
metric ds 2 = dt 2 — a(t) 2 dx 2 . In this case, the equations 
of motion read: 

A + 3HAq +3(h- 2a x H 2 ^ A = Q (12) 

A z + HA Z + a(AH + 6H 2 )A Z = (13) 

where a\ — j. In a de-Sitter inflationary era with H = 
Hi constant, the growing mode solutions behave for small 
a as: 

A (t) oc exp(2cr A i//t), A z (t) cx exp(-6cr J ff/t) (14) 

During the radiation and matter dominated epochs in 
which H = p/t with p — 1/2 and p = 2/3 respectively, 
the solutions are: 

Ao(t) « £ 1+3<Ta/5 , A„(t) oc iVa+c (15) 

in the radiation era, and 

A (t) oc t 1+Sa ^ 9 , A^ott 1 / 3 (16) 

in the matter era. We see that the the only effect of 
the non-minimal coupling is a slight modification in the 



power exponents. Finally, in a universe dominated by the 
electric potential A (t), we have a power law expansion of 
the form a(t) cx . For small a, we have an accelerated 
expansion which corresponds to a quasi de Sitter phase 
with slow- roll parameter e = — ^f. Notice that, in the 
limit cx — t 0, we also recover the pure de Sitter solution 
found in the minimal case. 



V. EFFECTIVE ELECTROMAGNETIC 
CURRENT: GRAVITATIONAL MAGNETISM 

Let us now consider the possible effects of the new 
effective electromagnetic current J£ = 2aG^°A in ©. 
Using Einstein equations to relate G^ v to the matter con- 
tent, we obtain: 



J$ = WirGaT^Ao 



(17) 



so that the effective electromagnetic current is essentially 
determined by the four-momentum density. Moreover, 
if we assume T^ v = (p + p)u^u v — prf v at first order, 
we can see that the energy density of any perfect fluid 
has an associated electric charge density given, for small 
velocities, by: 



P g = Jg = 167tGct pA 



(18) 



and the three-momentum density generates an electric 
current density given by 



J g = 167tGct(/9 + p)vAq 



(19) 



This theory effectively realizes the old conjecture by 
Schuster, Einstein and Blackett 14j of gravitational mag- 
netism, i.e. neutral mass currents generating electromag- 
netic fields. Early attempts to encompass this conjecture 
in a gravitational theory can be found in 15j . 

In the case of a particle of mass m at rest, (TT5|) intro- 
duces a small contribution to the active electric charge 
(the source of the electromagnetic field), given by Aq = 
WirGamAo ~ I5a(m/Mp), but does not modify the pas- 
sive electric charge (that determining the coupling to the 
electromagnetic field). In fact, this would give different 
active charges to electrons and protons due to their mass 
difference and, in addition, would provide the neutron 
with a non- vanishing active electric charge. However, the 
effect is very small in both cases Aq ~ 4trl0 _18 e where 
e = 0.303 is the electron charge in Heaviside-Lorentz 
units. Present limits on the electron-proton charge asym- 
metry and neutron charge are both of the order 10~ 21 e 
[HI], implying \a\ < 10~ 3 which is less stringent than 
the PPN limit discussed before. Notice also that pho- 
tons would acquire a non- vanishing active electric charge. 
However tight existing limits imposed by deflection of ra- 
dio pulsar emission by galactic magnetic fields [l7| only 
apply to passive charge which is not modified gravita- 
tionally. 
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On the other hand, for any compact object, even in the 
case it is neutral, the effective electric current will gener- 
ate an intrinsic magnetic moment m = 5 J r x J g (f)d 3 r 
given by: 

m = (20) 

with L the corresponding angular momentum and ft a 
constant parameter whose value is: 

/3 = mirVGaA (21) 

Notice that relation ([20)) resembles the Schuster-Blackett 
law, which is an empirical relation between the magnetic 
moments and the angular momenta found in a wide range 
of astrophysical objects from planets, to galaxies, includ- 
ing those related to the presence of rotating neutron stars 
such as GRB or magnetars [l8| . Let us mention that the 
observational evidence on this relation is still not conclu- 
sive. From observations, the j3 parameter is found to be 
in the range 0.001 to 0.1. 

Imposing the PPN limits on the a parameter, we find 
j3 < 10~ 4 , which is just below the observed range. Thus 
for a typical spiral galaxy, a direct calculation provides: 
B ~ erl0~ 4 G, i.e. according to the PPN limits, the field 
strength could reach 10 -9 G without amplification. 

However, notice that even in the case in which this 
generation mechanism took place, the determination of 
the actual amplitudes of magnetic fields in astrophysical 
objects would require to take into account the full mag- 
netohydrodynamical evolution. Therefore, we do not ex- 
pect the gravitationally generated magnetic field to nec- 
essarily agree with observations. However this mecha- 
nism could help seeding standard amplification mecha- 
nisms such as dynamo with appropriate fields correlated 
to the object angular momentum. 

It is also interesting to evaluate the maximum mag- 
netic field that could be generated in a Blackett-like ex- 
periment in laboratory [19[ . Thus for a rotating neutral 
sphere of M = 500 kg, radius R = 0.5 m and rota- 
tion frequency oj = 100 Hz, the field amplitude would 



be B ~ crlO" 10 T < 10~ 15 T, which is just below the 
fundamental sensitivity limit of SQUID or SERF magne- 
tometers [20| . 



VI. DISCUSSION 

Notice that in this scenario, it is the non-vanishing 
Ricci curvature what generates electromagnetic fields in 
the presence of dark energy. Notice, however, that the 
only requirement for the main results of the present work 
is the presence of a cosmological electric potential. This 
implies that magnetic fields would be associated to the 
presence of a non-vanishing energy-momentum distribu- 
tion. In other words, the effect would be absent in vac- 
uum even for curved backgrounds. 

Another interesting consequence of the presence of 
non-minimal couplings in the electromagnetic action ([3]) 
is the fact that they play the role of an effective mass 
term for the electromagnetic field during inflation. This 
naturally provides an infrared cutoff in the calculation of 
the field dispersion from quantum fluctuations (2lj . 

As shown before, fields of strengths up to 10~ 9 G could 
be generated on galactic scales in this theory, which could 
seed a galactic dynamo or even play the role of " primor- 
dial" seeds and account for the observed magnetic fields 
in galaxies and clusters just by adiabatic compression in 
the collapse of the protogalactic cloud. Therefore, a de- 
tailed study of the magnetohydrodynamical evolution in 
the presence of the gravitationally-induced current will 
help establishing the importance of dark energy in the 
origin of cosmic magnetic fields. 
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